Abstract: High-ratio compound stepped planetary transmissions are typically characterised by poor overall efficiencies, even if the individual mesh efficiencies are high, because of the very high sliding velocities imposed by the kinematics of their topologies. Here, a parametric exploration of the design space is presented for a stepped transmission topology, which is assessed in terms of transmission ratio, efficiency, and power density. It is confirmed that high ratio per (compound) stage is accompanied by low mechanical efficiency 2
Introduction
In comparison to conventional paired gear transmissions, planetary gear transmissions afford superior stiffness and power density, which make them prime choices for powertrain design, especially when low to moderate transmission ratios (i.e., up to five to six per stage) are concerned. At higher ratios per (compound) planetary stage, the volume and weight requirements rapidly become unmanageable and, while several compound planetary topologies and their kinematic equivalents [i.e., wolfrom (Liang et al., 2015; Mihailidis et al., 2015) , cycloid (Sensinger, 2013) , hypocyclic, strain wave/harmonic drives (Zhang et al., 2014), etc.] are known that are capable of producing higher ratios in a compact space, they invariably suffer from poor efficiency (Sensinger, 2013) , due to their inherent kinematics, which are a direct result of their compound topology, which give rise to very high sliding velocities at the individual gear meshes. While it's possible to increase the overall efficiency by increasing the corresponding efficiencies of the individual tooth meshes, i.e., by different materials, better lubrication, modification of the whole depth or the pressure angle (Spitas et al., 2014; Spitas and Spitas, 2007) , the sensitivity is very high (Sensinger, 2013) and as a result even slight deviations of the individual mesh efficiencies from the perfect unity can cause substantial drops in the overall efficiency, potentially even leading to self-locking behaviour (Mihailidis and Nerantzis, 2009 ).
Nonetheless, due to their potential for a higher power density, compound transmissions are progressively being used also outside the automotive industry, where they traditionally form the backbone of automatic transmissions, i.e., in wind power applications, such as the 1.5 MW model developed by GCSC for the WindPACT project, intended for integration with a single parallel gear stage (Bywaters et al., 2005) . However, such examples are still scarce and there are no examples of a single stage compound gearbox being used to deliver the high transmission ratios required by wind and other energy conversion and transmission applications.
Stepped planetary transmissions are compound planetary transmissions characterised by the unique feature that multiple planets are rigidly connected and engaged in multiple meshes, e.g., two connected planets engaged in three simultaneous meshes with two suns and a ring, whereas in a conventional design the same planets would be engaged in two meshes only, e.g., with two suns. The additional planets (compared to a simple planetary system) introduce additional design degrees of freedom, imposing compatibility constraints but at the same time allowing to potentially tune the mechanical characteristics and performance of the system. It is this property that forms the basis for the design space exploration in this study.
In the present work, we perform a parametric exploration of a given stepped planetary topology to assess its transmission ratio, mechanical efficiency and power density. The generally established models first introduced by Willis, and since then widely reproduced (Del Castillo, 2002) , are also the point of departure for the present analysis. While a large part of the parametric design space yields the high-ratio low-efficiency solutions that are typical of compound planetary systems (Sensinger, 2013) , specific niche high-ratio high-efficiency regions are identified and simulated, which are shown to achieve high transmission rations, i.e., speed reduction or increase of the order of 100, in a single compound stage at a high efficiency and relatively small volume.
The intended use of the developed design solutions is in fixed ratio wind turbine speed increasers and gas turbine speed reducers, considering ratios in the order of 100 and overall transmission efficiencies > 94%. Intermediate and low power applications of similar topologies can include electric and hybrid automotive drives, robotics, etc.
Topological modelling
Planetary gear configurations currently in use can be generally classified under three categories:
• simple planetary
• compound planetary: meshed
• compound planetary: stepped.
In addition, these can be combined in series with each other, or with fixed gear stages, to produce higher transmission ratios.
While the simple planetary configuration is known for its higher efficiency, compound planetary configurations are space-efficient, which means they can reach higher transmission ratios while being the same size or even smaller.
The topology of the first two configurations is analysed in terms of elements and interfaces (Mavrikas et al., 2015) and a direct mapping is made between the resulting topological network and the basic element-and circuit-based description used for the modelling (Del Castillo, 2002) .
The elements and interfaces in the considered configurations are organised as per Figure 1 . In this paper, we focus on the stepped planetary configuration (configuration b), and we shall use the simple planetary configuration (configuration a) as a benchmark. Conventionally, in this paper, we shall consider element one to be the input element. Depending on appropriate parameter selection, these configurations can produce speed reduction and, in case of configuration (b), also speed increase. Inversing the input and output will produce the inverse function. The functional description of the two configurations is as follows: a 1 (sun) input, 2 (planet) free, 3 (ring) fixed, 4 (carrier) output radial forces cancel each other out along path 1-2-3 single-degree-of-freedom (SDOF) system interfaces: 1-2, 2-3, 2-4.
b 1 (sun) input, 2 (double planet) free, 3 (ring) fixed, 4 (sun) output, 5 (carrier) free radial force distribution uncertain 5 (carrier) does not carry torque SDOF system interfaces: 1-2, 2-3, 2-4, 2-5. Note: Top: System schematic; bottom: interface identification (gear and bearing interfaces).
Efficiency modelling
The efficiency of each configuration is modelled based on the cumulative effect of the efficiencies of subsequent gear meshes. Transmitted power is lost along the gear train for several reasons that include gear mesh losses, windage and churning losses, losses in bearings and seals, etc. The methodology presented by Del Castillo (2002) is used in this study, where only gear mesh power losses are considered.
To calculate the efficiency of the planetary gear train using this method, it is first necessary to construct the system matrix, representing the system topology. To do so, the system must be divided into circuits, where each circuit is composed of two gears i, j in mesh and a carrier r (or equivalent static or rotating structural member) that keeps the centre distance of these meshing gears fixed. In general, there are N gears and J circuits in a system, equal to the number of gear pairs.
The gear tooth ratio of circuit k is defined as:
where z i,k is the number of teeth of gear i of circuit k, z j,k is the number of teeth of gear j of circuit k, and the sign of Z k indicates the gear engagement type: Z k is positive for externally engaged gears and negative for internally engaged gears. Applying equilibrium and power conservation principles on the elements of a circuit yields eventually:
Furthermore, torque equilibrium on any element n dictates that:
and the Willis equation for power conservation is written as:
To account for efficiency and power losses, the power conservation for a given circuit is expressed as follows:
1
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Comparing equation (7) to equation (2), we define a virtual tooth ratio as follows:
Replacing the tooth ratio by the virtual tooth ratio in all prior equations allows the calculation of real torques in the system, incorporating the effect of power losses. The total efficiency of the system can then be calculated for a unitary input torque as the ratio of the output torque, as calculated using the virtual tooth ratios, by the same output torque, as calculated using the nominal tooth ratios.
Transmission ratio modelling
The transmission ratio for a planetary gear set is ultimately the ratio of output angular velocity to input angular velocity (ω out / ω in ). In order to compute this ratio, the angular velocity of each element, including the input and output elements, is calculated using equation (6).
Size modelling
The choice between topologies is dictated by the need to minimise the volume for a given ratio with maximum possible efficiency. Considering the same input conditions (speed, torque) and the fact that the first circuit (input) is subject to the same torque regardless of the configuration, we can consider the diameter of the input sun to be the same for all configurations and normalise/non-dimensionalise the diameters of all other elements in terms of that. The maximum non-dimensional diameter
as deduced from the respective gear tooth ratios, defines a characteristic envelope for a planetary gear system. For this calculation only ring gears (or imaginary ring gears enveloping each stage) need to be considered. To create a surface metric, this will have to be squared, although for the purposes of the present study this will not be needed. In terms of length, the number of stages L can be used as a non-dimensional length metric. This can be found directly from Figure 1 . However, in the present study, the length is not considered, as the diameter is seen to have a much more pronounced effect.
Based on the above discussion, suitable size (or surface or volume) metrics can be derived from any combination of the discussed normalised/non-dimensional diameter and length metrics, the simplest one being:
This essentially yields the largest (non-dimensional) diameter of the system and, given that it is a single-stage compound stage the length of which can therefore be known a priori, allows the direct estimation of the system envelope.
Power density/ power utilisation
An additional consideration is the power density, or how well the different elements of the system are utilised in terms of their load carrying capacity. Fully utilised elements are elements that are loaded close to (but not above) their maximum load capacity: meeting this condition ensures that the entire volume/mass of the system are contributing fully to the torque and power transmission. It follows therefore that, ideally, the size of the gears z will be close to the shaft diameter required to carry the transmitted torque T. Thus, generally, the following relationship holds true:
Using equation (10) and considering that the torque ratio between input and output shafts is the inverse of the speed ratio, we can calculate the size ratios that would result in full torque utilisation. By dividing the actual size ratio with the ratio that would result in full torque load utilisation, we calculate a power utilisation factor. Values larger than one and less than one suggest the underutilisation of part of the system, as the input and output are capable of carrying a different power, whereas values close to one suggest an ideal power utilisation.
Results
Based on the above methodology, for the considered planetary configurations, the efficiencies are calculated analytically as follows, considering the same constant efficiency η 0 for each gear mesh:
a Simple planetary Finally, the non-dimensional volume is calculated for each configuration from equation (9). The maximum diameter coincides with z 3 in the case of configuration (a). For configuration (b), a test must be made between z 3 and z f , which corresponds to the envelope diameter of the planet stage 2.2, where z f = z 4 + 2z 22 .
Some representative parametric study results are plotted in Figures 2, 3(a) , 3(b) and 4. In all cases, as per Sensinger (2013) , the same efficiency of η 0 = 98% was assumed for all gear meshes. It should be noted that this is an arbitrary, very conservative value used for the purpose of demonstration. Figure 2 shows a well-known behaviour by a simple planetary transmission: increasing the planet diameter relative to the sun produces a larger speed reduction that may theoretically lead to infinity. Conversely, if the planet size is reduced, the ratio tends to a theoretical limit of 0.5. Attaining ratios higher than 0.5 is impossible, and thus this configuration cannot be used for speed increase (ratio > 1), unless the input and output is reversed. Interestingly, higher speed reduction ratio (thus ratio tending to zero) comes at the cost of efficiency, which drops from a theoretical upper limit equal to the individual mesh efficiency to somewhat lower values. In spite of this trend, the efficiency remains good nonetheless, which is in accordance with the observations from previous studies [3, 9] . Figures 3 and 4 show the corresponding behaviours obtained from a stepped planetary configuration. This configuration is bi-parametric (tri-parametric, if we consider the input sun as different from unity) and thus offers more design freedom. Figure 3 shows the effect of the sizes of the stepped planet, relative to the size of the sun gear, on the transmission ratio. Elements 2.1 and 2.2, which are the two planet gears comprising element two, work in unison to produce a wide range of ratios, from minus infinity to infinity: this design, as expected, has the potential to reverse direction and achieve any speed reduction (ratio between zero and one) or increase (ratio above 1 or below -1). A characteristic jump from minus infinity to plus infinity is clearly seen, partitioning the design space in two main sub-spaces. The second subspace exclusively concerns negative ratio values and is omitted in this study, as speed reversal is not a concern. Generally, it can be observed that high ratio designs can be achieved with multiple combinations of the two design parameters, providing some design flexibility. A unit-transmission-ratio line is clearly seen, which separates the design space also in two more subspaces: the solutions in the top-left subspace produce speed increase (ratio > 1), whereas the solutions in the bottom-right subspace speed reduction (0 < ratio < 1). The solutions at and around the unit-transmission-ratio line itself are practically attainable but trivial, as they are of no practical use. Figure 4 shows the mechanical efficiency of the system as a function of the same degrees of freedom. This is shown to more strongly depend on the size of planet 2.2, reaching a theoretical minimum as that gear's size tends to zero. With three mesh interfaces characterising this configuration, the theoretical efficiency is limited by the individual mesh efficiency raised to the second power. The severe drop in efficiency seen in the case of small sizes for planets 2.1 directly disqualifies many high-ratio designs that can be found in that part of the design space, which is consistent with the general observations of compound planetary transmissions being unsuccessful in combining high ratio and high efficiency.
Lastly, Figure 5 shows dependency of the power utilisation ratio on the design parameters. The graph in this case is plotted for non-reversing operation only. It can be seen that, while there are patches across the design space where the power utilisation ratio is close to or at the ideal value of one, these patches generally do not coincide with the high-ratio or the high-efficiency areas, although they do briefly intersect them. The unit-transmission-ratio line is seen to separate the design space also in terms of the power utilisation ratio: the solutions in the top-left subspace, cannot maintain the maximum power throughput of the input sun one (weak), whereas those in the bottom-right subspace can, by virtue of their oversized output sun four (strong).
Thus, summarily, we can expect that the speed-increasing embodiments of this configuration will be characterised by good efficiency and generally moderate to poor power density, as the overall system will need to be oversized to achieve sufficient load-carrying capacity at the output sun four. Conversely, the speed reducing embodiments will be characterised by systematically worse efficiency, but somewhat better power density.
Comparison and discussion
Based on the results in Section 7, and aiming for a transmission ratio of 0.01 (speed reduction) and 100 (speed increase) multiple solutions were identified in the parametric design space for each configuration (a)-(b) and their corresponding efficiency and size were compared. These are reported in Figures 6 and 7.
As regards speed reduction, the size for configuration (a) is calculated analytically as z 3 = 99 and the efficiency is 96.08%. Size-wise configuration (a) is consistently superior to configuration (b), seeing that its size is consistently larger than 100. Efficiency-wise both configurations are on par. Given the discrepancy in size and the relative complexity of configuration (b), configuration (a) is the better solution. In fact, the best implementation of configuration (b) is identical to configuration (a).
However, as regards speed increase the assessment is very different: configuration (a) may not function as a speed increaser unless its input and output are reversed, namely the carrier should act as input. Configuration (b) achieves very good efficiency, around 97.8%, and its best implementations theoretically require a size of slightly above two, which is extremely compact compared to a reversed configuration (a). Much larger-sized solutions are seen to exist as well, which, however, offer lesser efficiency at an increased size. Thus the preferable design solutions will lie at the bottom right of Figure 7 . These solutions are also characterised by the highest power utilisation ratios, between 0.30-0.15 (whereas the large sizes have ratios dropping as low as 0.054, which are of no practical use). To achieve the output torque requirements therefore the transmission will have to be oversized by a factor of between three and six, resulting in a size of between 2 × 3 = 6 and 2.5 × 6 = 15. This is therefore a competent configuration, that could directly outperform a simple planetary stage [i.e., configuration (a), reversed], which would still need a size of 99, in terms of size and efficiency.
Likewise, the input and output in this configuration (b) can be reversed, providing a compact and efficient speed reduction capability. Table 1 Calculated efficiency, volume, power utilisation ratio for two best-in-class high-transmission-ratio embodiments, one for each configuration (input from sun one) Some examples of the discussed solutions are compared in Table 1 in terms of efficiency, size and power utilisation ratio. It can be seen that configuration (b) is the only one that combines high ratio (100, input and output may be inverted to produce 0.01), high efficiency (97.8%, vs. a theoretical maximum of 98%) and high power density, with a non-dimensional size as low as two and with power utilisation ratio as high as 0.3, leading to a final size of as low as six. 
Conclusions
On the basis of the performed modelling and analysis study it was shown that compound stepped planetary topologies exist that can provide high-density power transmission at high efficiency and high transmission ratio. This surpasses the expectations established in previous studies, showing that speed ratios of 100 or 0.01 with good mechanical and efficiency characteristics are practically attainable.
